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Abstract

We study recovery of a nonnegative integer population on a known graph from the complete
distance histogram at each labelled sensor. Multiplicities are retained, but target identities and
correspondence between sensors are unavailable. For every n > 6, exactly n — 2 sensors suffice
to distinguish all populations of mass at most two on the n x n Cartesian grid. We prove that
an alternating placement on opposite boundaries has integer observation kernel isomorphic to
Z*, with a coordinate-extraction inverse. Its first ambiguous population has mass n — 3 for even
n and n — 2 for odd n. The resulting four-variable description of every observation fibre gives an
exact decoder and separates fixed rational nullity from a growing integer ambiguity threshold.
For general graphs, invisible integer trades characterize bounded recovery, and two sensors admit
a distance-level cycle characterization. A full-factor Cartesian-product theorem identifies the
lifted kernel as a direct sum of factor kernels and preserves every population recovery bound.
The accompanying Lean development proves the general trade and product results and, for every
n > 6, the complete integer grid kernel, sharp recovery threshold, optimal sensor count, and
four-parameter description of equal-observation populations.

Keywords: population recovery; metric dimension; discrete tomography; integer kernel; sensor
placement; Cartesian grid.

1 Introduction

A collection of distance measurements can identify each individual vertex of a graph without iden-
tifying a population of vertices. On the 3 x 3 Cartesian grid, the populations

X = {(170)7(1’2)}7 Y:{(Oal)v(27 1)}

both give the distance multiset {1,3} at every corner. Two adjacent corners nevertheless identify
each single vertex. The missing information is the correspondence between targets seen by different
sensors.

We consider a known finite graph and an unknown nonnegative integer population on its vertices.
Each labelled sensor reports the full multiset of distances to that population, retaining multiplicities
but no target labels. We call this inverse problem distance-shell tomography. A nonzero signed
population change is an invisible trade when every measured shell has sum zero. If b(G, S) is the
smallest positive mass of such a trade, then a sensor set S recovers all populations of mass at most
h precisely when h < b(G,S). In contrast, recovery without a mass bound is equivalent to full
rational column rank of the shell matrix. These general integer-inverse-problem facts motivate a
graph-specific question: how does geometry control the smallest realizable ambiguity?
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Main result. For the square grid G,, = P,00F,, n > 6, we construct n — 2 sensors, alternating
between two opposite sides, and prove

n—3, neven,

Gp) =n—2, kery Hg, = Z*, b(Gn, Sn) =
72(Gn) = Otz 515 ( ) {n—?, n odd.

Here 73, denotes the minimum number of sensors recovering every population of total mass at most h.
The kernel description is integral and complete: every invisible population change is reconstructed
from four signed vertex occupancies. A bound on its zero interior rows yields the exact ambiguity
threshold; the parameterization gives a four-variable description of every observation fibre. Thus
the same construction that is optimal for two targets remains optimal for every 2 < h < b(G,, Sy).
The threshold belongs to this placement; we do not assert that it maximizes b among all placements
of size n — 2.

The contrast with single-vertex localization is unbounded: ordinary metric dimension is two on
every such grid. A second contrast is algebraic: rational nullity stays equal to four, while the first
integer ambiguity tends to infinity. The proof identifies the mechanism rather than inferring it from
finite ranks. A two-sided boundary-response identity reduces the shell equations to two Laurent
quantities; degree restrictions leave four parameters, and at most one interior row of a nonzero
trade can vanish. Every other interior row has even coefficient sum and therefore contributes at
least two to the total absolute mass. Boundary terms complete the sharp bound.

Related observation models. Metric dimension uses a labelled distance vector to identify
one vertex [8, 13]. Multiset dimension forgets the landmark labels instead [12]; Hakanen and Yero
establish its equivalence with ID-colorings [6]. Our sensors keep their identities, and the anonymous
objects are the targets. These are different losses of information, not parameter choices within a
single invariant.

The closest several-object comparison is Laihonen’s ¢-set-metric dimension, in which each sensor
reports only its distance to the nearest object [7, 9]. His exact grid results and the antecedent
cross obstruction are discussed in Section 7. Full histograms are richer reports: they reveal total
population as well as every occupied distance shell. Comparisons by number of sensors therefore
do not establish equal-cost or equal-bit-rate sensing advantages.

The observation operation itself has established antecedents. Coordinatewise symbol multiplic-
ities are the output of the B-channel [4]. Radial pushforwards of measures, including distance-
distribution inverse problems on metric graphs, are studied by Mémoli and Needham [11]. Their
inverse questions concern metric-measure spaces; here the graph and sensor locations are fixed, and
the unknown is an integer occupancy function on that graph, recovered exactly rather than up to
isometry. Class-sum measurements and switching configurations are classical in discrete tomogra-
phy [5], as are integer moves between equal-observation configurations [2]. We therefore make no
priority claim for histograms, integer kernels, or the general circulation mechanism.

The principal contribution is the sharp alternating-grid construction with its full ambiguity
lattice and decoder. Two reusable results support it: the exact distance-level cycle description for
two sensors, and a Cartesian-product theorem identifying the entire lifted kernel as a direct sum
of factor kernels. The latter preserves the first ambiguity exactly, not only bounded injectivity.
Detector sets and the sensor-budget profile provide convenient design formulations; their generic
equivalences are elementary and are included to make the model self-contained.

Scope and use. The results supply exact obstructions, benchmark sensor placements, and com-
position rules for an anonymous inverse problem. They can be used wherever the stipulated dis-



tance histograms are available, for example in a topology-constrained multiset-output code. A
hop-distance event protocol or mesh-feature descriptor would require a separate implementation
and measurement justification. We prove no physical ranging, noise robustness, numerical condi-
tioning, or engineering performance result. The most immediate use of the theory is mathematical:
selecting sensors by excluding small trades rather than relying on rank alone.

2 Configurations, shells, and trades

Let G = (V, E) be finite, connected, simple, undirected and unweighted, with N = |V| > 2. Write
N ={0,1,...}. A configuration is = € NV, of mass |z| = Y, . Multiple occupancy, targets at
sensors, and the empty configuration are allowed. A nonempty sensor set S C V records

(HS‘T)S,T = Z Lo, HS[(S’T)aU] = 1d(s,v):r' (1)
vid(s,v)=r
This is exactly the multiplicity of r in sensor s’s distance bag. Radii 0,..., N — 1 suffice, since a

shortest path has no repeated vertex. Zero padding beyond eccentricity adds no information.

For an integer h > 1, write X,(V) = {x € NV : |z| < h}. A set is h-configuration resolving
if (1) is injective on X, (V), and 7,,(G) is its minimum cardinality. Define 7o,(G) analogously for
all finite populations. Each sensor reveals |z|, so distinct total masses cannot collide. Exactly-h
and at-most-h recovery are equivalent here: pad both sides of a smaller equal-mass collision at one
fixed vertex. This padding argument depends on allowing multiplicities.

For z € ZV, let 2} = max(z,,0) and z, = max(—2,,0). A nonzero vector with Hgz = 0 is a
trade. Summing the rows of one sensor block gives

Y z=0, || =7 =m(2) = gz
v

Let b(G, S) be the minimum trade mass, or oo if no trade exists. We write
L(G,S) =kerg Hg

for the distance-shell trade lattice. Thus 2b(G, S) is its minimum nonzero ¢; norm. This lattice,
rather than rational nullity alone, is the central obstruction object.

Proposition 1. The set S resolves X, (V') if and only if b(G,S) > h. It resolves all finite popula-
tions if and only if rankg Hg = N.

Proof. An equal-observation pair x # y gives the nonzero integer difference z = z —y, with 2™ < z
and 2z~ < y coordinatewise. Conversely, z*, 2z~ give a collision of mass m(z). Full rational column
rank implies injectivity. A nonzero rational kernel vector in the deficient case can be multiplied by
a common denominator to give an integer trade. ]

If a trade exists, the largest guaranteed recoverable mass is b(G, S) — 1, not b(G, S). The rank-
deficient grid family in Section 5 will show that fixed nullity does not bound this guarantee across
graphs of increasing order.

For a nonzero balanced signed population z, define its detector set

D¢g(z) = {s € V : some distance shell about s has nonzero signed sum}.

Every nonzero z has a detector: if z, # 0, the radius-zero shell at sensor v detects it. For fixed h,
let

Di(G) ={D¢(z) : z # 0, sz =0, m(z) < h}.



Proposition 2 (Detector-hypergraph formulation). A sensor set S is h-configuration resolving if
and only if it meets every member of Dyp(G). Hence 1,(G) is exactly the transversal number of the
finite hypergraph Dy (G).

Proof. The condition SN Dg(z) = @ says precisely that z is invisible to every sensor in S. Proposi-
tion 1 then identifies such a nonzero trade of mass at most i with a collision in X} (V). Finiteness
follows because every coordinate of a balanced trade of mass at most h lies in [—h, h]. O

This exact hitting-set reformulation is elementary but useful: graph geometry enters through
the shape of detector sets, while sensor optimization becomes a transversal problem. Lemma 8 will
identify one infinite family of detector sets explicitly.

Consequently 71(G) is ordinary metric dimension, and

dim(G) = 11(G) < (G) <+ <7(G) < N — 1. (2)

For the final bound, sense all but one vertex: radius-zero counts give those occupancies and total
mass gives the last. Adding sensors preserves all distinctions. The hierarchy eventually stabilizes,
since there are finitely many sensor subsets and every rank-deficient one has a finite first trade
mass.

2.1 The coding interpretation and repeated distance vectors

Order S = (s1,...,5%) and define cg(v) = (d(s1,v),...,d(sg,v)). The graph supplies a vertez-
indexed dictionary: two different vertices must remain different inputs even if their distance vectors
coincide. A population produces the coordinatewise B-channel type (symbol multiplicity) of that
dictionary [4].

Let Cs = cg(V) be the ordinary set of distinct distance vectors. Write My, (Cs) for the multisets
of exactly h members of Cg, with repetitions allowed, and let B record their coordinatewise types.

Proposition 3 (Faithful B-channel interpretation). For h > 1, S is h-configuration resolving if
and only if both

cs : V. — Cg is injective, B : Mp(Cs) — coordinate types is injective.

For the vertex-indexed dictionary, equality of B-channel outputs is always exactly equality of shell
observations, without assuming cg injective.

Proof. At coordinate i, both outputs count the vertices of each distance d(s;,v) with their occu-
pancies. If cg(u) = cg(v) for u # v, the single-target populations at u, v collide, and padding gives
an exactly-h collision. If ¢g is injective, pushforward along cg is a bijection from mass-h vertex
populations to Mj,(Cg), preserving observations. Apply the exactly/at-most equivalence proved
above. O

The injectivity clause cannot be omitted. On the path 0-1-2 with sensor 1, the collapsed dic-
tionary is {(0), (1)}. Its one-coordinate type map distinguishes every codeword multiset, but the
original vertices 0 and 2 are indistinguishable. Thus a set of distinct codewords cannot silently re-
place a vertex-indexed dictionary. With an injective dictionary, restricting to binary populations of
fixed cardinality gives the usual distinct-codeword B-MAC question; it does not justify multiplicity
padding in the binary model.



2.2 The sensor-capacity profile

The minimum-sensor parameter 75, answers a demand question: how many sensors are needed to
recover populations up to mass h? The same theory has a useful dual supply question: for a fixed
budget of k sensors, how large a population can be guaranteed recoverable?

Definition 4 (Sensor-capacity profile). For 1 < k < N — 1, define

ki(G) = max{b(G,S): S C V, |8] =k},

where b(G,S) = oo for a full-column-rank placement. We call (x(G))~ "' the sensor-capacity

profile of G, indexed by the first ambiguous mass. A finite value k; means the best guaranteed
mass is kp — 1.

The maximum exists because the graph is finite. Sensor monotonicity implies kx(G) < kg+1(G),
and sensing all but one vertex gives ky_1(G) = oo.

Proposition 5 (Duality of sensor number and capacity). For every h > 1,
h(G) = min{k : kx(G) > h}.

Proof. By Proposition 1, a k-sensor set resolves all populations of mass at most h exactly when its
first trade mass exceeds h. Such a set exists exactly when ki (G) > h. O

In particular, x; is an ambiguity threshold, not the mass guaranteed recoverable. The grid
consequence k,_3 = 2 will mean recovery through mass one and unavoidable ambiguity at mass
two. This convention accounts for the strict inequality in the duality formula.

3 Two sensors and observation cycles

For distinct sensors s,t, construct a bipartite multigraph Bs;. Left vertices are tagged distance
levels from s, and right vertices are separately tagged levels from t. Each original vertex v is an
edge identity joining (L,d(s,v)) to (R,d(t,v)). Equal endpoint pairs remain parallel edges. Count
two parallel edges as a cycle of length two, and give a forest infinite girth.

Theorem 6. For two sensors,
b(G, {s,t}) = 5 girth(Bsy).

Equivalently, recovery through mass h holds precisely when Bg; has no cycle of length at most 2h;
unrestricted recovery holds precisely for a forest.

Proof. The shell matrix is the unsigned incidence matrix of B,;. Alternating +1,—1 on a cycle of
length 2¢ gives a trade of mass . Conversely, orient every positive trade edge from left to right
and every negative edge from right to left, with flow equal to its absolute value. Every level has
equal inflow and outflow. Following used outgoing edges and stopping at the first repeated vertex
produces a directed cycle with distinct internal vertices. Edge identities are distinct, including in
a length-two cycle. Its ¢ positive edges each contribute at least one to the trade, so £ < m(z). O

This is a graph-distance specialization of the classical circulation argument, not a new incidence-
matrix theorem. Related distance-level zero-divergence and forest elimination appear in Allikvere’s
different edge-multiset problem [1, Section 6]. In the forest case a decoder repeatedly reads the
weight of a leaf’s unique edge from its residual margin, subtracts it at the other endpoint, and



deletes the edge. Induction proves recovery and uniqueness. Negative inferred weights or nonzero
final isolated margins are rejected. A queue uses linearly many graph operations; count arithmetic
depends on bit lengths.

The original graph need not contain a cycle. The tree with edges 01,02, 13, 15, 34, 56 has distinct
distance pairs at sensors 0,3, but {1,6} and {2,4} both give {1,3} at each sensor. Its observation
multigraph has a four-cycle.

4 Polynomial responses and product constructions

For a signed configuration define

Pi(q) = 24" € Z]q).

Its coefficients are exactly the signed shell observations. The square matrix K¢ (q)gu = gdalgw)
is the established exponential distance matrix [3]. Its constant coefficient is the identity. Thus
multiplication by K¢ is injective on polynomial vectors: at the lowest nonzero coefficient of a
vector F', the product KqF has that same nonzero coefficient vector.

Theorem 7 (Exact kernel of a full-factor lift). Let G, H be finite connected graphs and & # T C
V(H). For z € ZVGXVUH) " put z,(v) = z(u,v). Then

2€ L(GOH,V(G) xT) <= z,€L(H,T) foreveryue V(G). (3)
Thus the lifted integer kernel is the direct sum of |V (G)| factor kernels. Moreover,

b(GOH,V(G) x T) = b(H, T), (4)
rank@ HV(G)XT = ‘V(G)| rank@ HT. (5)

These statements include the zero-kernel, infinite-threshold case. Consequently, if T' resolves through

mass h, so does V(G) x T, and
Th(GOH) < min{|[V(G)|m(H), [V(H)|m(G)}-

Proof. Cartesian distance is the sum of factor distances: every walk must perform at least the
required number of steps in each factor, and concatenating factor geodesics attains the bound. For
telT, set
Fui(q) = 2(u,v)gh ),
v

The vector of responses at (g,t), indexed by g, is Kg(q)Fi(q). Injectivity of this square polynomial
mixing matrix shows that all product responses vanish exactly when all F},; vanish. Equality of
polynomial coefficients is equality of signed shell counts, proving (3) in both directions, over Z and
also over Q.

Each invisible slice is balanced because T is nonempty. The positive mass of z is the sum of
the positive masses of its slices. If any slice is nonzero, it therefore contributes at least b(H,T').
Conversely, place a minimum factor trade in one slice and zero elsewhere. This attains b(H,T)
whenever it is finite; if the factor kernel is zero, so is the lifted kernel. This proves (4). Over Q the
direct sum multiplies nullity by |V (G)|, and rank-nullity gives (5). The recovery and sensor-number
assertions follow from Proposition 1. O



In particular, a trade mixing several first-factor slices cannot lower the ambiguity threshold for
this full-factor placement. This conclusion need not hold for an arbitrary proper subset of V/(G) x T.

An endpoint sensor recovers every path population. Hence one full side of an a x b grid recovers
every population and 7. (P,0P,) < min(a,b). This is not a rank calculation on a rectangular
polynomial matrix: a one-row path response has rational-function rank one but determines every
occupancy from its coefficients. Nor is a polynomial replaced by its evaluation at one real number.

We will use the explicit path identity. For m > 1 and indices 0,...,m, put K;; = ¢/~ and
D =1 — ¢?. The tridiagonal matrix 7" with endpoint diagonal entries 1, interior diagonal entries
1 + ¢2, and adjacent entries —q satisfies TK = DI. Indeed its interior (i, k) entry is

(1+q*)g" ™ — g1 — gg" =",
which is D for k = i and zero on either side; endpoint rows are immediate. Therefore
DFy =Yy — g1,
DF; = (1+¢)Yi—qVi1— gV (1<i<m),

DFm = Ym - qu—17
when Y = KF.

(6)

For boundary-grid decoding, coefficients of each F; follow from its numerator g by f; = g; + fj—2.
Check nonnegativity, the prescribed degree bound, and resynthesis of all observations; truncation
alone need not reject an inconsistent tail.

5 Optimal sensing on square grids

Write P, for the path on 0,...,n — 1. On G,, = P,P,, shortest-path distance is Manhattan
distance. Two adjacent corners recover a single vertex from ¢ 4+ 7 and n — 1 — i 4+ 5. No one sensor
suffices, since every grid vertex has two distinct neighbours. Thus dim(G,,) = 2 for n > 2.

5.1 A local obstruction

Lemma 8. Forn >3 and an interior centre (a,b), let
Xop={(a—1,0),(a+1,b)}, Yop={(a,b—1),(a,b+1)}.

The sensors detecting their difference are exactly row a or column b, with the centre remowved.
Consequently 1,(Gr) > n — 2 for every h > 2.

Proof. For a sensor (u,v) off both lines, put d = |u — a| + |v — b|. Both bags are {d —1,d+1}. On
just one line they are {d + 1,d + 1} and {d — 1,d 4+ 1} in one order. At the centre both are {1,1}.
With fewer than n — 2 sensors, each coordinate projection omits an interior coordinate. Choose
missing a, b; every sensor is outside the corresponding detector cross, giving a binary two-target
collision. ]

The cross geometry has an antecedent in Laihonen’s nearest-object grid obstruction [9, Theorem
3]; here the calculation identifies its exact detector set for complete histograms.
Put m =n — 1, and for n > 6 use the alternating placement

Sp={(,0):1<i<m-—1, io0dd} U {(i,m):1<i<m—1, ieven}. (7)

Parity refers to the zero-based coordinate 4.



Theorem 9. For every n > 6, the integer kernel of Hg, has the explicit integral four-parameter
description below, and

n—3, n even,
n—2, n odd.

rankg Hg, = n? —4, b(Gr, Sp) = { (8)

In particular T2(Gy) = n — 2. More generally T,(G,) = n — 2 for every integer 2 < h < b(G, Sy).

5.2 Reduction to four integer parameters

Let Fi(q) = X7 2;;¢’ for an invisible signed configuration. Temporarily work over Q(g), retaining
the requirement that each F; is a polynomial in degrees 0, ..., m. Define

Li = thik‘Fka QZ = Zqiﬁik'FkH
k k
U=> q¢"F, V=> ¢"F.
k k

If R; is the actual right-boundary response, then Q;(q) = ¢™R;(¢~'). The elementary identity
q|sz| + q7|sz\ — quk + qk:fz gives

(9)

Li+Qi=qdU+q'V, Ly=V, Ly=q"U. (10)

Hence invisibility prescribes L; = 0 at odd interior indices and L; = ¢*U + ¢~'V at even ones.
Set A=U/D and B =V/D. Applying (6) gives

Fo =B, Fi=—¢’A—(q+q "B,
F=(-1'01+@)(dA+q¢'B)  (2<i<m-2).

The final rows are as follows. For even m, put C' = ¢ A; then
Fpoa=—(g+q " )C—¢ "B,  F,=C. (12)

For odd m,
F1=q"""A+ (""" +¢™B,  Fn=-¢""B. (13)

Lemma 10. All invisible configurations, and only those, are the coefficient arrays of (11)—(13)
with
nodd: B=—aqgm™2—bgm ', ¢"A=cq™?+d¢™ ",

neven: B=—d¢™ ', A=aq2+bg ! +c, (14)

where (a,b,c,d) € Z* is unique. The same statement holds over Q. Denote its reconstruction
matriz by By, and the extraction map in (15) by E,,; then E, B, = I4.

Proof. Suppose first that n is odd, so m > 6 is even. Both B = Fy and C = F,, initially have
support in [0,m]. The degree-m + 1 coefficients in F; and F,,_; force By, = Cy, = 0: their other
shifted terms have degree at most three. Degrees at most —2 force B; = C; =0 for 0 < j <m —5.
In particular By = Cy = 0, so degree —1 in those same two rows forces B,,,_4 = C,,_4 = 0. Finally
degree —1 in F5 and F,,_o forces Cy,—3 = Bj,—3 = 0. Only degrees m — 2, m — 1 remain, giving
(14).

Now let n be even, so m > 5 is odd. Polynomiality of F,, forces ¢~ 2 | B. Put

J=¢A=—-F —(¢g+q¢"B.



This is a polynomial. Equation (13) reads
Fm—l — qm—4J+ (ql—m + q3—m)B.

Its degree-—1 coefficient forces By,—2 = 0. The second term has degree at most three, so the
upper degree bound forces degJ < 4. Degree m + 1 > 4 in F} now forces B,, = 0. Hence B is
supported only at m — 1. Degree —1 in Fy = (1+¢?)(¢~J 4+ ¢ 2B) forces Jy = 0. Degree m +1 in
Fro=—1+¢*)(g™°J +¢* ™B) forces Jy = 0. Thus J = aq + bg? + cq>, as required. All these
arguments apply when n = 6.

For sufficiency, choose the four parameters and define a proposed L by

0, 1 odd,

. . , (1<i<m).
D(¢'A+q'B), ieven

Lo=DB, L, =Dq"A, L;= {

Set F = K~'L. Substitution into the displayed row formulas shows that all exponents lie in
[0,m]. Moreover KF' = L, so the actual global quantities of these rows are V' = Ly = DB and
U=q "Ly, = DA. Identity (10) makes every selected even right response zero, while selected odd
left responses are zero by construction. Thus these are actual shell-kernel vectors.

The integer parameters are extracted from the coefficient array by
{(_ZO,mZa —20,m—1;2m,m—2 Zm,mfl)y n odd, (15)

(22,0, 22,1, Zm—1,m—1, —20,m—1): n even.

Direct substitution recovers the parameters, including at n = 6. This proves integral completeness
and independence, not merely rational spanning by cleared columns. The proof over QQ also yields
nullity four. O

5.3 Sharp threshold from row support

The row formulas already determine the minimum trade mass without a coefficient census. This
gives a short structural reason for the growing recovery threshold.

Lemma 11. FEvery nonzero integer trade for S, has mass at least n — 2 for odd n and n — 3 for
even n. These bounds are attained by the parameters (1,0,0,0) and (0,1,0,0), respectively.

Proof. There are m — 3 interior rows indexed by 2 < i < m — 2. By (11), such a row vanishes
precisely when ‘
¢*A+ B =0.

For a nonzero trade, (A, B) # (0,0). If two distinct indices 4, j gave zero rows, subtraction would
give (¢* — ¢*)A = 0, hence A = B = 0, a contradiction. Thus at most one interior row vanishes;
none vanishes when exactly one of A, B is zero. Moreover F;(1) is even, since 1 + ¢? divides the
row in Z[q, ¢ ']. The coefficient ¢; norm has the same parity as the coefficient sum. Each nonzero
interior row consequently contributes at least two to ||z||1.

Put ¢ = |a| + |b| + |¢| + |d|. When n is odd, the four boundary rows have total coefficient norm
at least 4¢: each parameter appears in four separate boundary entries, as seen in (11) and (12).
These entries are distinct also at m = 6. If £ = 1, exactly one of A, B is zero, and

Izt = 2(m —3) +4 =2(m —1).



If ¢ > 2, allowing one zero row gives
llz|li > 2(m —4)+8>2(m—1).

The unit a has boundary norm four and every interior row has norm two, attaining mass m — 1 =
n— 2.
When n is even and d # 0, the four boundary rows contain four separate copies of d. Hence

1211 = 2(m — 4) + 4[d] = 2(m — 2).

When d = 0, we have B = 0, so no interior row vanishes. The two nonzero boundary formulas
supply two separate copies of each of a, b, ¢, and therefore

llz|l1 > 2(m —3) + 20 > 2(m — 2).

The unit b has boundary norm two and every interior row has norm two, attaining mass m—2 = n—3.
All trades are balanced, so their positive mass is half their coefficient norm. O

5.4 Counting coefficient tracks

Let B, be the n? x 4 coefficient matrix defined by the row formulas. Its rows act on ¢ = (a, b, c,d)’.
Opposite coefficient rows r, —r, each appearing w times, contribute w|re| to positive mass.

Lemma 12. Every nonzero coefficient row occurs with its negative. Their frequencies of each sign
are given below; the listed expressions mean their coefficient vectors. Unlisted rows are zero.

n odd n = 2k even

Expression Frequency FExpression Frequency
a,b, c,d separately n—4 a+c k—3
a—c, b—d separately 2 a+c—d 1

a, c separately k—2

a—d, c—d separately 1

b n—3

d n—4

Proof. For odd n = 2k + 1, substitute (14) into an interior row. The ¢ track has columns i — 2,4
and the oppositely signed a track has columns m —2—14, m —1i. The d, b tracks are their one-column
shifts. Before crossings, each parameter has n — 2 entries of each sign, by counting even and odd
interior rows and the four boundary rows. The a, ¢ crossings are exactly

(kk—2), (k+1,k—1), (k—1,k—1), (k k).

They are interior for k > 3; two carry either sign. The b,d crossings are these sites shifted one
column right. Opposite column parities prohibit other intersections. Each parameter loses two
occurrences of each sign and each difference gains two, proving the odd table.

For n = 2k, the forward interior terms are a at ¢ — 2, a+cati,cati+2,and bat¢—1,7i+1,
with sign (—1)%. Before d crosses them, each sign occurs k — 1,k — 2,k —1,n — 3 times, respectively;
d occurs n — 1 times per sign. Its columns m — 1 —¢,m 4+ 1 — ¢ have the opposite sign and cannot
meet b by parity. The six intersections are

a—d (k,k—2) (E+1,k—1)
c—d (k—2,k) (E—1,k+1)
at+c—d|(k—1,k—-1) (k, k).

10



Each pair has opposite signs. At k = 3, two sites lie in rows 1, m — 1; the boundary formulas supply
exactly the same ¢ and a terms there. Subtracting these six crossings gives the even table also at
n = 6. O

The census refines the preceding minimum-mass argument to exact norm formulas for every
parameter. For odd n,

m(Bpec) = (n—4)(|la| + |b] + |c| + |d|) + 2|a — ¢| +2|b — d|. (16)
For even n = 2k, including k& = 3,

m(Bpe) = (k—3)|la+c| + |a+c—d| + (k—2)(|a] + ||)

Fla—d|+lc—d + (n—3)[b + (n - 1)d]. (17)

These formulas also describe how the mass changes away from the attaining trades.

Completion of Theorem 9. Lemma 10 proves rank n? — 4 and identifies every integer trade with
a unique nonzero integer quadruple. Lemma 11 proves the exact first trade masses, including
matching lower bounds for every nonzero parameter. Proposition 1 gives recovery for every h < b.
The placement has n — 2 sensors, and Lemma 8 gives the matching lower bound for h > 2. Since
b > 3 for n > 6, the two-target equality follows. The attaining unit-parameter trades use only
0,+£1, so ambiguity at b already occurs between binary populations. O

The capacity in (8) belongs to S,. It does not assert that no other n — 2-sensor placement has
larger capacity, or determine 7 (Gp).

6 Four-variable fibres and exact decoding

The integral extraction map does more than establish a minimum trade mass. It reduces every
observation fibre to a fixed number of integer variables. In this section H = Hg,, and B, E,, are
the maps from Lemma 10.

Corollary 13. For every y € Q%) in the image of H, there is a unique z° € Q"2 satisfying
Hz' =y, E,z’ =o0. (18)
The integral fibre is empty if ¥ is not integral; otherwise it is exactly
{z € 7" . Hx = y} = 2° + B,Z*.

Its nonnegative part is determined by a zero-row check and sixz pairs of scalar inequalities for odd
n, at most eight for even n.

Proof. From any rational solution z, define 2° = z — B, E,x. This satisfies (18). The difference
of any two normalized solutions belongs to B,,Q* and is annihilated by E,,, so is zero. An integral
solution x makes 20 = x — B, E,z integral. Conversely, if 2¥ is integral, Lemma 10 identifies every
integral solution as x° + B¢ for a unique ¢ € Z*.
Let R,, contain one representative of each nonzero pair of opposite coefficient rows in Lemma 12.
For an occurring row r, set
pr = min{z? : (By)yx =1}
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At vertices with zero coefficient row require 2 > 0. At all other vertices, nonnegativity is equivalent
to
—pr <re<pp (1 €Rp). (19)

The census supplies six row pairs for odd n, eight for even n > 8, and seven for n = 6 because the
a + ¢ row has zero frequency. O

For completeness, this gives an exact decoder with a finite rejection procedure. Reject mal-
formed histograms, unequal sensor totals, or a common total M > h. Solve (18) over Q, rejecting
inconsistency or a nonintegral 2. Each coordinate of E,x is a signed occupancy at a specified
vertex, by (15). Hence every admissible parameter belongs to the product of four signed copies
of {0,...,M}. Enumerate these at most (h + 1)* possibilities, test the zero rows and (19), and
reconstruct = 2 + B,c. Report no solution, the unique solution, or at least two solutions as
appropriate.

Every retained candidate is integral, nonnegative, and has observation y. Its mass is M, since
the rows of any sensor block sum to total mass. Conversely, every admissible population has exactly
one enumerated parameter. This proves soundness, completeness, and termination, including on
inconsistent data. Below the threshold in Theorem 9, ambiguity cannot occur. Following one exact
rational solve, candidate reconstruction uses O(n?(h+1)%) arithmetic operations; this enumeration
bound is pseudo-polynomial in a binary-encoded h, not a polynomial bit-complexity or numerical-
stability guarantee.

7 Consequences and further questions

7.1 The one-sensor threshold transition

Corollary 14. For G,, = P,LJP, and n > 6,

n—3, n even,

n— Gn :27 n— Gn >
in—3(Gn) n-2(Gn) {n—Q, n odd.

Consequently the best guaranteed mass at budget n— 3 is exactly one. At budget n—2, the guarantee
s at least n — 4 for even n and n — 3 for odd n.

Proof. Two adjacent corners resolve single vertices; enlarge them to n — 3 sensors, which is possible
for n > 6. The resulting first trade mass is at least two. Lemma 8 gives a mass-two collision for
every placement of fewer than n — 2 sensors. The lower bound at budget n — 2 follows from the
alternating placement in Theorem 9. O

Thus adding one sensor at this budget changes the worst-case recovery guarantee from one
target to a quantity growing linearly with n. Separately, Theorem 9 gives a family with constant
rational nullity four and b(G,,, Sy,) — oco. This is a separation across increasing graph orders; it is
not a statement that an arbitrary fixed graph has unbounded thresholds or that the ranks n? — 4
are equal.

7.2 Comparison with nearest-object observations

For a nonempty population, its histogram determines the nearest occupied shell. Hence our obser-
vations determine the nearest-object observations, but not conversely. Laihonen proves that the
minimum sensor number distinguishing every nonempty vertex subset of size at most £ on an n xn
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grid is n + 2 for £ = 2, and n? for 3 < ¢ < n? [9, Theorems 3-4]. For fixed h > 3 and sufficiently
large n, our n — 2 sensors distinguish all populations of mass at most h, including multiplicities.
On the common binary subdomain this is a quadratic-versus-linear sensor-count contrast between
two different information contracts.

There are two qualifications. First, a full histogram reveals more than one distance and also
reveals population size. Laihonen’s all-vertices obstruction uses subsets of different sizes, so it does
not establish the same lower bound when exact cardinality is separately supplied to a nearest-
object sensor system. Second, we do not compare report length, bandwidth, or acquisition cost.
The comparison identifies information lost by nearest-object reduction, not a hardware-efficiency
theorem.

7.3 Four next problems

The following questions concern the present model; they are not claims of a certified historical
open-problem list.

Problem 15 (Optimal capacity at the grid threshold). Determine x,,—o(P,0P,) and classify the
placements attaining it. Determine 7., (P,0P,) and the values of 7, after the plateau supplied by
Theorem 9.

The alternating placement is sensor-optimal for a substantial range of masses, but its rank
deficiency does not prove that every placement of the same cardinality is rank deficient. A matching
bound on the graph-wide threshold would require a new obstruction applying to all placements,
not only to the displayed kernel.

Problem 16 (Compression of full-factor sensing). For which graph families and factor placements
T can a proper subset S C V(G) x T retain the threshold b(H,T)? Give sharp sensor savings and
characterize the additional trades introduced by omitting first-factor copies.

The full-factor case is already answered exactly by Theorem 7; mixed-slice trades do not lower
its threshold. The new issue is whether geometric redundancy allows the same recovery guarantee
with fewer sensors.

Problem 17 (Graph-specific primitive trades). Describe or bound the Graver bases of distance-
shell matrices for trees, grids, or median graphs, as S varies. Which graph parameters control the
support and mass of conformally minimal trades, and can these trades be enumerated or represented
efficiently?

Here a Graver vector is minimal under sign-compatible coordinatewise domination; this dif-
fers from a primitive circuit, which has minimal support. Every integer-kernel vector admits a
sign-compatible decomposition into Graver vectors, a general fact [10, Lemma 3.3], not an open
question specific to this model. The graph-specific challenge is to determine those vectors and their
quantitative bounds. Two-sensor kernels provide a cycle-based starting class.

Problem 18 (Redundancy and observation errors). Determine the minimum number of grid sen-
sors guaranteeing recovery through mass two after any e sensor erasures. For a specified norm and
noise model, determine the minimum separation of distinct mass-at-most-h observation vectors and
construct placements with sharp correction guarantees.

At least n — 2 + e sensors are necessary for the erasure problem: deleting e sensors must leave
at least n — 2. In particular, a sensor-optimal two-target placement tolerates no arbitrary single
erasure. Achieving the redundancy bound is not proved here. For additive observation errors,
disjoint-ball decoding is standard; the mathematical task is to compute graph-specific separations,
not to infer stability from an exact inverse.
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8 Computational evidence and verification scope

The reference programs construct graph distances by breadth-first search and compare literal la-
belled bags with independent shell sums. Exact historical certificates cover 6 < n < 12. Formula
regressions check shell cancellation for 6 < n < 20, modular rank through n = 16, and the row
census through n = 128. Separate tests check integral extraction, affine-fibre decoding, duplicate
dictionary columns, and the product kernel on small graphs. These are finite implementation checks;
the all-order results follow from the preceding proofs.

The companion Lean project uses Lean 4.30.0 and Mathlib v4.30.0. Its public statements are
presented separately in Challenge.lean; Solution.lean proves those same statements from the
source development. The verified scope is:

o the literal-bag/shell correspondence and the integer-trade criterion for bounded recovery;

e the complete full-factor product-kernel theorem and equivalence of every mass-bound recovery
property, for actual connected simple graphs;

o the grid shortest-path/Manhattan bridge and the n — 2 lower bound for every sensor placement
and every grid order;

o for every n > 6, the complete integer kernel with unique four-parameter coordinates and its
coordinate-extraction inverse;

o for every n > 6 and every mass bound, the sharp threshold and the matching optimal sensor
count throughout 2 < h < b(Gy, Sy);

o for every n > 6 and every pair of nonnegative integer populations, equality of observations if
and only if their difference has unique four-parameter coordinates.

The universal grid proof works in integer Laurent polynomials. It verifies the local tridiagonal

inverse, the equivalence between actual shell sums and alternating row responses, the support

restrictions, and both directions of the four-parameter reconstruction. Its minimum-mass proof

follows Lemma 11, including the at-most-one-zero-row argument and explicit attaining trades. The

general product proof uses polynomial responses and the nonzero constant coefficient of the distance-

mixing determinant.

All eight public statements undergo declaration comparison, Lean kernel replay, and indepen-
dent NanoDa replay. Their transitive axiom reports contain only propext, Quot.sound, and
Classical.choice; no proof uses sorry or a custom axiom. The standalone challenge contains the
expected specification placeholders. The rational-rank clauses, the coefficient census, the two-sensor
cycle theorem, the rational normalization in Corollary 13, and executable decoder termination and
complexity are written results rather than separately selected Lean theorems. The formal fibre
theorem establishes the exact population-level parameterization on which the decoder rests; the
reference implementation is checked separately.

Data and software availability. The paper source, Lean proofs, exact reference programs,
certificates and validation records are prepared for the Zenodo release under DOI
10.5281/zenodo.22404456. The release README records reproducible commands, dependency
revisions, the formalization coverage and file checksums. The DOI is the identifier reserved for this
paper and its companion artifacts. The manuscript is distributed under CC BY 4.0 and the original
software under the MIT license; third-party dependencies retain their own licenses.

Declaration of AI assistance. OpenAl ChatGPT and Codex assisted mathematical explo-
ration, derivations, drafting, editing, literature checks, software and Lean proof development. The
archived executions are preparation-environment checks, not independent human peer review. The
human author is responsible for the claims and final submission; no Al system is an author.
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